Abstract Let be a thick dual polar space of rank n ≥ 2 admitting a full polarized embedding e in a finite-dimensional projective space , i.e., for every point x of , e maps the set of points of at non-maximal distance from x into a hyperplane e * (x) of . Using a result of Kasikova and Shult [11], we are able the show that there exists up to isomorphisms a unique full polarized embedding of of minimal dimension. We also show that e * realizes a full polarized embedding of into a subspace of the dual of , and that e * is isomorphic to the minimal full polarized embedding of . In the final section, we will determine the minimal full polarized embeddings of the finite dual polar spaces DQ(2n, q), DQ − (2n + 1, q), DH(2n − 1, q 2 ) and DW (2n − 1, q) (q odd), but the latter only for n ≤ 5. We shall prove that the minimal full polarized embeddings of DQ(2n, q), DQ − (2n + 1, q) and DH(2n − 1, q 2 ) are the 'natural' ones, whereas this is not always the case for DW (2n − 1, q).
Introduction

Basic terminology and notation
Let be a thick polar space of rank n ≥ 2 and let be its associated dual polar space, i.e., is the point-line geometry with points, respectively lines, the maximal, respectively next-to-maximal, singular subspaces of (natural incidence). If x and y are two points of , then d(x, y) denotes the distance between x and y in the collinearity graph of . If x is a point of and if k ∈ N, then k (x) denotes the set of points at distance k from x and x ⊥ denotes the set of points equal to or collinear with x. If X and Y are nonempty sets of points, then d(X, Y ) denotes the minimal distance between a point of X and a point of Y . A nonempty set X of points of is called a subspace if every line containing two points of X has all its points in X . A subspace X is called convex if every point on a shortest path (in the collinearity graph) between two points of X is also contained in X .
For every point x of , let H x denote the set of points of at non-maximal distance from x. Since is a near polygon [15] , H x is a hyperplane of , i.e. a proper subspace of meeting each line. It is well-known that H x is a maximal subspace of , see e.g. [2, p. 156] .
The convex subspaces of of diameter 0 and 1 are precisely the points and lines of . Convex subspaces of diameter 2, 3, respectively n − 1, are called quads, hexes, respectively maxes. If x is a point and S is a convex subspace of , then π S (x) denotes the unique point of S nearest to x. The point π S (x) is called the projection of x onto S.
We will denote a dual polar space by putting a "D" in front of the name of the corresponding polar space. So, DQ(2n, q), DQ − (2n + 1, q), DH(2n − 1, q 2 ), respectively DW (2n − 1, q), denotes the dual polar space associated with a nonsingular quadric in PG(2n, q), a nonsingular elliptic quadric in PG(2n + 1, q), a nonsingular hermitian variety in PG(2n − 1, q 2 ), respectively a symplectic polarity of PG(2n − 1, q).
Embeddings
In this paper, we will only consider embeddings in a finite-dimensional projective space. Let be a thick dual polar space of rank at least 2 and let V denote a finitedimensional vector space.
A projective embedding of in = PG(V ) is an injective mapping e from the point-set P of to the point-set of such that: (E1) the image e(P) of e spans ; (E2) every line of is mapped by e into a line of ; (E3) no two lines of are mapped by e into the same line of .
We will say that e is an F-embedding if F is the underlying division ring of the vector space V . The dimensions dim(V ) and dim( ) = dim(V ) − 1 are called the vector and projective dimension of e, respectively. Note that (E2) only says that the image e(L) of a line L of is contained in a line of . Given a projective embedding e : → , suppose that α is a subspace of satisfying the following properties:
(P1) α ∩ e(P) = ∅; (P2) α, e(x) = α, e(y) for every two distinct points x and y of .
For every point x of , we define e α (x) := α, e(x) . Then e α is an embedding of in /α. We call e α a projection of e. Both claims of the next lemma are obvious: Lemma 1.1. If e is full, then also e α is full. If e α is polarized, then e is polarized.
Two embeddings e 1 : → 1 and e 2 : → 2 are called isomorphic (e 1 ∼ = e 2 ) if there exists an isomorphism φ from 1 to 2 such that e 2 (x) = φ • e 1 (x) for every point x of .
Suppose V is a vector space over the division ring F. Following Cooperstein and Shult [7] we say that a full F-embeddingẽ : → = PG( V ) is absolutely universal (absolute for short) if for every full F-embedding e of , there exists a subspace α in such that (i) α satisfies properties (P1) and (P2) with respect toẽ andẽ α ∼ = e.
The absolute embeddingẽ, if it exists, is uniquely determined up to isomorphisms and satisfies the following, where α is as in (i):
(ii) for every full F-embedding e having a projection isomorphic to e, there exists a subspace α of α such thatẽ α ∼ = e .
According to the terminology of Cooperstein and Shult [7] (see also Ronan [13] ), (ii) just says thatẽ is universal relative to every full F-embedding of . In other words,ẽ is the linear hull of every full F-embedding of (Pasini [12] ). Sufficient conditions for a point-line geometry to admit the absolute full F-embedding have been obtained by Kasikova and Shult [11] . If e : Q → is a full embedding of a thick generalized quadrangle, then by Tits [17, 8.6] , the underlying division ring of is completely determined by Q. Hence, if e : → is a full embedding of a thick dual polar space of rank n ≥ 2, then the underlying division ring of is completely determined by (since e induces a full embedding of each of its quads). This allows us to talk about full embeddings and absolutely universal embeddings of thick dual polar spaces, without mentioning the underlying division rings.
The next proposition follows from Buekenhout and Lefèvre [4] , Dienst [9] in the case of generalized quadrangles and from Kasikova and Shult [11, Section 4.6] 
The main results of this paper
Let be a thick dual polar space of rank n ≥ 2 admitting a full polarized embedding and let P denote the point-set of . We will show the following in Section 2.
Theorem 1.4. Up to isomorphisms, there exists a unique full polarized embeddingē such that every full polarized embedding e of has a projection isomorphic toē.
Letẽ denote the absolutely universal full embedding of (which exists by Proposition 1.2). With every full polarized embedding of , there are associated two projections:
The embeddingē is called the minimal full polarized embedding of .
Definition
(1) For every full embedding e : → of and for every convex subspace F of , put F := e(F) and let e F : F → F denote the full embedding of F induced by e. (2) For every full polarized embedding e : → of and for every point x of , let e * (x) denote the unique hyperplane of containing e(H x ).
In Section 2, we will also prove the following theorems. In the last section (Section 4), we will determine the dimension of the minimal full polarized embeddings for the following classes of dual polar spaces:
Minimal embeddings
Let be a thick dual polar space of rank n ≥ 2 admitting a full polarized embedding and let P denote the point-set of .
Definition If e : → is a full polarized embedding of , then we define 
Proof:
We check property (P1). We have R e ∩ e(P)
We check property (P2). Suppose that there exist distinct points x and y such that α, e(x) = α, e(y) . Take a point z opposite x such that y lies on a shortest path between x and z. (Such a point z exists, see e.g. [2] where this property has been shown for a more general class of near polygons.) Since y ∈ H z , the hyperplane e(H z ) of contains the point e(y) and hence also the subspace α,
We will show that e α is polarized. Let p be any point of . Since e is polarized, there exists a hyperplane p in through α ⊆ R e containing all points of e(H p ). It follows that the hyperplane p /α of /α contains all points of e α (H p ). Proof: Suppose that α is not contained in R e . Then there exists a point x in such that α ⊆ e(H x ) . But then e α (H x ) = /α, contradicting the fact that e α is polarized. Now, letẽ : → denote the absolutely universal embedding of . Thenẽ is polarized by Lemma 1.1. We defineē :=ẽ Rẽ .
We will now prove Theorem 1.4. Let e be an arbitrary full polarized embedding of and let α denote a subspace of such thatẽ α ∼ = e. By Lemma 2.2, α ⊆ Rẽ. Since α ⊆ Rẽ, e ∼ =ẽα must have a projection isomorphic toē =ẽ Rẽ . The uniqueness ofē is easy to see. Ifē 1 andē 2 are two embeddings satisfying the conditions of Theorem 1.4, thenē 1 is isomorphic to a projection ofē 2 andē 2 is isomorphic to a projection ofē 1 . This is only possible whenē 1 ∼ =ē2.
Remark 1.
If e : → is a full polarized embedding, then from Lemma 2.2 and Theorem 1.4, it readily follows that e R e is isomorphic to the minimal full polarized embedding of .
We now prove Theorems 1.5 and 1.6.
Proof of Theorem 1.5. Let δ denote the diameter of F. Let x denote an arbitrary point of F and let y denote a point of at distance n − δ from
The points of F contained in H y are precisely the points of F contained in * δ−1 (x), where * δ−1 (x) stands for the set of points of at distance at most δ − 1 from x. This implies that (i) e(H y ) ∩ F is a hyperplane of F , and (ii) e F ( *
Hence, e F is polarized.
Proof of Theorem 1.6: By Theorem 1.5, e F is polarized. We must still show that R e F = ∅:
Dual embeddings
Again, let be a thick dual polar space of rank n ≥ 2. Notice that two lines L and M of are at maximal distance from each other if and only if d(L , M) = n − 1. 2 , as we wanted to prove.
Lemma 3.1. Let a and b be distinct points of a line L of , and let H be a hyperplane of containing H a ∩ H b . Then either H
= H c for a (unique) point c ∈ L or H contains a line L with d(L , L ) = n − 1.(i) L 1 and L 2 are contained in a quad Q, (ii) d(L 1 , L) = d(L 2 , L) = n − 1. Then c(L 1 ) = c(L 2 ). Since d(L 1 , L) = n − 1, every point of L has distance at least n − 2 (and hence precisely n − 2) from Q. Put L := π Q (L). Then L is a line. (If π Q (L) is a point, then not every point of L would have the same distance from Q.) All points of L have dis- tance n − 2 from L. So, H contains L , p 1 and p 2 , where p i , i ∈ {1, 2}, is the unique point of L i contained in H . Let q i denote the unique point of L collinear with p i . Then, q i is the unique point of Q at distance n − 2 from c i := c(L i ). Conversely, c i is the unique point of L at distance n − 2 from q i . So, if q 1 = q 2 then c 1 = cM ∩ L = ∅. Clearly, d(M, L ) = 1, whence d(M, L) = n − 1. However, M ⊂ H , contrary to the assumption that |M ∩ H | = 1 for every line M with d(M, L) = n − 1. Therefore q 1 = q
Claim 2. The point c = c(M) does not depend on the choice of the line M at
Indeed, the lines at distance n − 1 from L are the lines of the geometry Far (L) formed by the elements of at maximal distance from L, with the incidence relation inherited from . This geometry is residually connected (Blok and Brouwer [1] ). So, the graph having the lines far from L as vertices and 'being in the same quad' as the adjacency relation is connected. Claim 2 follows from this and Claim 1. We can now finish the proof of the lemma. Henceforth, e : → = PG(V ) is a given full polarized embedding of . We denote by P the point-set of and, for a subset X ⊆ P, we put: Proof: Let p denote an arbitrary point of . We must show that there exists a hyperplane in ( * ) containing all points e * (x) with x ∈ H p . If x ∈ H p , then p ∈ H x and hence e( p) ∈ e * (x). Hence, the hyperplane R e , e( p) of ( * ) contains all points e * (x), x ∈ H p . This proves the lemma. Theorem 1.8 now also readily follows. Since the minimal full polarized embeddingē of is isomorphic to e R e , its projective dimension is equal to dim( ) − dim(R e ) − 1. On the other hand, since ( * ) ∼ = ( /R e ) * , e * has also projective dimension dim( ) − dim(R e ) − 1, Hence,ē and e * are isomorphic embeddings.
Proof: Let x be a point of
n−1 (c) ∩ n (a) ∩ n (b). Then x ∈ H a ∪ H b . So, e(x)
Examples
Although we believe that the treatments given below might also hold for several infinite fields, we will only consider the finite case, for which we can rely on some published material.
In Sections 4.1 and 4.2, we will show that the natural embeddings of the dual polar spaces DQ(2n, q), DQ
− (2n + 1, q) and DH(2n − 1, q 2 ) are also their minimal ones. In Section 4.3, it will be shown that this is not always the case for the dual polar sace DW(2n − 1, q).
Remark 2. One of the referees pointed out to the authors that the fact that the natural embeddings of DQ(2n, q), DQ
− (2n + 1, q) and DH(2n − 1, q 2 ) are minimal also follows from the irreducibility of the associated modules.
Let be one of the dual polar spaces DQ(2n, q), DQ
2 ), and let e : → denote the natural embedding of (see Sections 4.1 and 4.2). Then G = Aut( ) lifts to a group G of automorphisms of . In each of the three cases, it can be shown that the module ( , G) is irreducible. As each element of G fixes R e , we necessarily must have that R e = ∅, i.e., e is isomorphic to the minimal full polarized embedding of . However, the arguments we are going to exploit in Sections 4.1 and 4.2 are far more straightforward than the above.
Minimal embeddings of DQ(2n, q) and DQ
By Corollary 1.5 of De Bruyn and Pasini [8] , every polarized embedding of a dual polar space of rank n has vector dimension at least 2 n . The dual polar space DQ(2n, q) admits a polarized full embedding e spin of vector dimension 2 n , called the spin-embedding. We refer to Buekenhout and Cameron [3] for a description of e spin . If q is odd, then the embedding e spin is absolutely universal (Wells [18] ; see also Cooperstein and Shult [7] ) and hence is the unique polarized full embedding of DQ(2n, q). If q is even, then e spin is the minimal polarized full embedding of DQ(2n, q).
The dual polar space DQ − (2n + 1, q) admits a polarized full embedding e − spin induced by the natural embedding of the half-spin geometry of Q + (2n + 1, q 2 ), see Cooperstein and Shult [7] . The embedding e − spin is absolutely universal, no matter if q is odd or even, and hence is the unique polarized full embedding of DQ − (2n + 1, q).
Minimal polarized full embeddings of DH(2n
Let H (2n − 1, q 2 ) denote a non-singular hermitian variety in PG(2n − 1, q 2 ), put N := Suppose X is an (n − 1)-dimensional subspace of PG(2n − 1, q 2 ) generated by the points (x i,1 , . . . , x i,2n ) 
, are the coordinates of a point f (X ) of PG(N − 1, q 2 ) and this point does not depend on the particular set of n points which we have chosen as generating set for X . The elements X J , J ∈ 2 ) containing all points f (X ) where X is a generator (i.e. a maximal subspace) of H (2n − 1, q 2 ). In this way, we obtain a map e from the point set of DH(2n − 1, q 2 ) to the point set of PG(N − 1, q), which we like to call the Grassmann embedding of DH(2n − 1, q 2 ). By [5] , e is indeed a full embedding. Moreover, e is absolutely universal if q = 2. Now, let X and Y be two generators of H (2n − 1, q 2 ). Suppose X is generated by the points (x i,1 , . . . , x i,2n ), 1 ≤ i ≤ n, and that Y is generated by the points (y i,1 , . . . , y i,2n ), 1 ≤ i ≤ n. Obviously, the points X and Y are at non-maximal distance if and only if 
(Expand according to the first n rows.) For a given point X of DH(2n − 1, q 2 ), Eq. (1) defines a hyperplane of PG (N − 1, q) . This implies that e is a polarized embedding. We will now show that R e = ∅. To that goal, consider N points X 1 , . . . , X N in DH(2n − 1, q 2 ) such that e(X 1 ), . . . , e(X N ) generate PG (N − 1, q) . (Such points exist by property (E1).) Since the points e(X 1 ), . . . , e(X N ) are also linearly independent, the hyperplanes e * (X 1 ), . . . , e * (X N ) are linearly independent by Eq. (1). This implies that R e = ∅.
From the previous discussion, the following theorem readily follows. . For every i ∈ I , we define i := i + n. For every subset J of I , we define σ (J ) = (1 + · · · + |J |) + j∈J j and J := { j | j ∈ J }.
Let X be an (n − 1)-dimensional subspace of PG(2n − 1, q). As in Section 4.2, let X J , J ∈ I n , denote the Grassmann coordinates of X . These coordinates define a point f (X ) = J X J e J in PG( 2n n − 1, q). By [6, Proposition 5.1], the subspace of PG( 2n n − 1, q) generated by all points f (X ), with X a maximal totally isotropic subspace of W (2n − 1, q), is (N − 1)-dimensional. We will denote this subspace by PG (N − 1, q) . So, we obtain a map e from the point set of DW (2n − 1, q) to the point set of PG (N − 1, q) . By [6] , e is an absolutely universal full embedding. We will call e the Grassmann embedding of DW (2n − 1, q) . With a similar reasoning as in Section 4.2, we find that two points X and Y of DW (2n − 1, q) are at non-maximal distance if and only if
It follows again that e is polarized. The Eq. (2) determines a bilinear form in the N -dimensional vector space V (N , q) associated with PG(N − 1, q).
, this bilinear form is symmetric if n is even and alternating if n is odd. The space R e corresponds with the radical of this bilinear form. So, the dimension of the minimal polarized full embedding of DW (2n − 1, q) is equal to the rank of any (N × N )-matrix M which represents the form (2) with respect to a certain basis of V (N , q) . In the sequel, we will use the following convention to denote
where all entries outside the blocks A 1 , A 2 , . . . , A k are null. We will now calculate the rank of such a matrix M in the case that n ∈ {3, 4, 5}. We omit the case n ≥ 6, since some of the calculations to perform become too tiresome, and we have not discovered a way to speed them up in a general setting, suited for any n. Of course, it is also possible to do the calculations for n = 2, but we will not do that since the polarized full embeddings of the generalized quadrangle DW (3, q) ∼ = Q(4, q) are well-known, see [4] . Suppose that the symplectic polarity ζ defining W (2n − 1, q) is represented by the following matrix:
If X is a totally isotropic (n − 1)-space of PG(2n − 1, q) whose Grassmann coordinate X K is different from 0, then there exists an (n × n)-matrix B such that X is generated by the n rows of [I n B]. The fact that X is totally isotropic then implies that B = B T . Proof: We will prove this by induction on the rank n. Obviously, the lemma holds if n = 1. So, suppose that n ≥ 2 and that the lemma holds for any thick dual polar space of rank at most n − 1. Let x denote an arbitrary point of . If M is a max through x not contained in H , then M ∩ H is a hyperplane of M and by the induction hypothesis applied to M, we then know that x ∈ S. Suppose therefore that every max through x is contained in H . Then H x ⊆ H and hence H x = H since H x is a maximal subspace. By downwards induction on i ∈ {0, . . . , n}, one easily proves that any point of i (x) belongs to S. In particular, we have that x ∈ S. This proves the lemma. Note that, by the remark preceding Lemma 4.2, points of DW (2n − 1, q) with Grassmann coordinate X K = 0 actually exist.
The rank 3 case
In this case e determines an embedding of DW (5, q) into a subspace PG(13, q) of PG(19, q). 
The rank 4 case
In this case e determines an embedding of DW (7, q) into a subspace PG(41, q) of PG(69, q). r For all subsets H 1 and H 2 of K satisfying
r X 2367 + X 2468 = −X 3478 . 
The equality X 2367 + X 2468 = −X 3478 follows from a direct verification. r If 2 r = q = 3 r , then the Grassmann embedding of DW (7, q) (of vector dimension 42) is the unique polarized full embedding of DW (7, q) .
The rank 5 case
In this case e determines an embedding of DW (9, q) into a subspace PG(131, q) of PG(251, q). Similarly as in Lemma 4.6, we can show the following:
The case q = 3 r We have shown in Theorems 4.7 and 4.9 that the Grassmann embedding of DW (2n − 1, 3 r ), n ∈ {4, 5}, is not isomorphic to the minimal embedding of DW (2n − 1, 3 r ). We will now show that this property holds for any n ≥ 4. We start with the following property of Grassmann embeddings which holds for any prime power q. Proposition 4.10. Let e denote the Grassmann embedding of = DW (2n − 1, q) . Then for every convex subspace F of of diameter at least 2, e F is isomorphic to the Grassmann embedding of F.
Proof:
(1) Suppose first that F is a max of determined by the point x F of W (2n − 1, q) .
We will use the same notation as in the beginning of this section. Without loss of generality, we may suppose that x F = (1, 0, . . . , 0). A point x of F is generated by the rows of a matrix of the following form: Writing down the Grassmann coordinates for the point x, we easily see that the restriction of f to F defines an embedding of F which is isomorphic to the Grassmann embedding of F. (2) Suppose now that F has diameter less than n − 1. Then consider a chain F = F 0 ⊆ F 1 ⊆ · · · ⊆ F k = of convex subspaces of such that F i , i ∈ {0, . . . , k − 1}, is a max of F i+1 . By downwards induction on i ∈ {0, 1, . . . , k}, we easily see that every embedding e F i , i ∈ {0, . . . , k}, is isomorphic to the Grassmann embedding of F i . Proof: Let F denote a convex subspace of diameter 4. Then by Theorem 1.6, e F is isomorphic to the minimal full polarized embedding of F. By Theorem 4.7, e F is not isomorphic to the Grassmann embedding of F. By Proposition 4.10, it now follows that e is not isomorphic to the Grassmann embedding of .
